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Josef Ressel Center for Intelligent and Secure Industrial Automation
Department for Information Technologies and Digitalisation

Salzburg University of Applied Sciences

Jul 7, 2026
Oral 2E, ICML, Seoul, Korea

S. Huber: Chebyshev Policies and the Mountain Car Problem 1 of 10



Reinforcement Learning and its challenges

agent env

pick at = π(st) or
draw at ∼ π(st)

st+1, rt+1

policy π : S → A or
distr. π(st) over A

st 7→ st+1 in S
yielding rt+1

Execution: s0, a0, r1, s1, a1, r2, s2, a2, r3, s3, . . .

RL means: Learn an optimal policy

π∗ = argmax
π

R

that maximizes return (cumulative reward) R, e.g.

R =
∑T

t=0 rt for some horizon T .

Challenges in real world:

▶ Sample efficiency, explainability and interpretability,
real-time capability, training stability, safety, etc.

Gaps in theory:

▶ Lack of understanding of training dynamics

▶ We lack optimality results, hence are blind to regret
(gap to optimality).
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Contributions and outline

1 2 3

Mountain Car from 1990:

▶ Simple, yet representative
dynamics

▶ We analytically solved it to
optimality

▶ Insights:
▶ Optimal solution is trivial
▶ Yet SOTA agents yield high

regret!

Chebyshev policies:

▶ Put some first principles in the
design of a policy

▶ Novel class of policies:
Multi-variate Chebyshev
polynomials as parametrized
models in auto-diff ML
frameworks

Evaluation:

▶ For every RL algorithm,
Chebyshev policies improved
upon MLP policies on every
task

▶ Significantly reduce number of
model parameters, improve
training stability and more
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Solving Mountain Car to optimality

▶ Car has state (xt , ẋt) and shall reach goal x∗ within time t∗

▶ Action is acceleration amax ·αt against gravity −g · cos(3xt)
▶ Reward rt is −0.1α2

t and +100 once goal is reached

x(t)x0 x̂ x∗xmin

Time-continuous version of the Mountain Car problem:

min
α

ℓ

s.t. ∃t∗ ∈ [0, tmax] : x(t∗) ≥ x∗ ∧ ẋ(t∗) ≥ 0,

α(t) ∈ [−1, 1],

x(t) ∈ [xmin, xmax], ẋ(t) ∈ [−vmax, vmax]

where

ℓ =

∫ t∗

0
α(t)2 dt

and x : [0,∞) → R is governed by the nonlinear ODE

ẍ = amax · α− g · cos(3x)
with x(0) = x0, ẋ(0) = 0.
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Crude sketch of three steps to optimal policy

1

Action field α̃(x) instead of α(t):

▶ Gives ẍ = −U′(x) with potential
U = Ua + Ug (action + gravity)

▶ “Unrolling” back-and-forth motion
along monotone spatial variable ξ

▶ Reaching goal ξ∗ means: push U
down to zero

ξ

ξ0 ξ1 ξ2 ξ∗

Ug (ξ)

U(ξ)

Ua(ξ∗)

Ua(ξ)

ẋ > 0

1

ẋ < 0

2

ẋ > 0

3

2

Minimize ℓ ignoring constraints:

Cauchy-Schwarz-based lemma and
pushing ℓ into potential framework left.

Solution
α(t) = C · ẋ(t) for C just sufficiently
large to reach ξ∗ within time t∗.

3

Reestablish constraints (left wall):

x

ẋ

xmin

x∗x̂vwall

Phase 2

Phase 1

Optimal policy (simplified)

πana(x , ẋ) = ẋ ·
{
4.3858 in phase 2

4.3346 otherwise
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Chebyshev policies

How does πana perform?

πana achieves return R ∈ [99.15, 99.52] over all x0 close to
100.

What did we learn?

1 πana is very simple!

2 Best agents yield only R ∈ [92.51, 97.41], hence
surprisingly high regret! 10-fold loss due to propulsion!

How can this be?

▶ Bad exploration? → unlikely, by spiraling dynamics

▶ RL algorithm? → tried algorithms in SB3

▶ MLP oversized? → tried smaller ones than [64, 64]

Open question

Why do MLPs fail to learn the simple πana?

First principles for a novel policy class

A class of policies that is universal, versatile and efficient
at sampling the space of continuous policies.

▶ Polynomials → versatile and span a dense subset

▶ Orthogonal basis → efficient and better numerics

Chebyshev polynomial Tk (x) = cos(k arccos x)

▶ Orthonormal in Hilbert space L2
w ([−1, 1]) with

w -weighted1inner product, and extremes at ±1.

▶ Multi-variate Tk1,...,kn (x1, . . . , xn) =
∏

i Tki (xi ) with
max-degree deg∗ Tk1,...,kn = maxi ki .

▶
∑d,...d

k1,...,kn=0,...,0 θk1,...,knTk1,...,kn with model

parameters θ are dense in Hilbert space

We implemented it in auto-diff frameworks and use it to
model agents (stochastic policies (µ, σ), critic) in SB3.

1 w(x) = (1 − x2)−1/2, i.e., ⟨f , g⟩w =
∫ 1
−1 f (x)g(x)w(x) dx for f , g ∈ L2

w ([−1, 1]).
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Do Chebyshev policies improve upon neural policies?

Table: Mean return R (regret r) over 100 start points x0.

Policy π R ↑ (r ↓)

πana 99.39

CH-3-ARS 98.95 (0.44)
CH-3-REI 98.62 (0.77)
CH-3-PPO 98.10 (1.29)
ARS 96.67 (2.72)
SAC 94.61 (4.78)
PPO 93.91 (5.48)

▶ Every Chebyshev policy (of max-degree 3) improved upon every MLP policy

▶ Best algorithm was ARS, where regret was reduced from 2.72 to 0.44, i.e., 6.18-fold. For PPO, improvement was from
5.48 to 1.29, i.e., 4.25-fold

▶ Classic REINFORCE with Chebyshev policies significantly outperforms best neural policy (ARS), while it would not
even converge with MLP policies

▶ Chebyshev policies π utilize larger t∗ (time to goal) and are closer to πana in terms of ∥π − πana∥2

Question

What is happening under the hood?
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How do the control strategies compare under the hood?
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What we see on the left:

▶ Performance of ARS is highly sensitive to x0: return
drops to 92.51.

▶ Chebyshev policies exhibit robust performance relative
to πana and dominate ARS for every x0.

What we see on the right:

▶ ARS counteracts dynamics: It outputs positive action
at negative ẋ . (Red line is zero action.)

▶ ARS yields high actions:
▶ Causes a short average time to goal t∗ of 239.
▶ Less strokes (spiral turns) in the white trajectory.

▶ PPO closer to πana than ARS
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How about generalization to other control tasks?

Mountain Car Pendulum Aero 2 Aero 2

realism virtual virtual simulated real
states S R2 S1 × R ↪→ R3 R3 R3

Quanser Aero 2 helicopter testbed:

▶ Testbed exhibits nonlinear dynamics
and is configured in 1-DOF mode

▶ Task: Follow a target trajectory

▶ States: Angular position and velocity,
target deviation

▶ Sim-to-real transfer challenge

MC Pendulum Aero 2 sim Aero 2 real

CH-ARS 98.95 -150.8 -125.2 -164.2
ARS 96.67 -218.3 -721.8 -718.4

CH-PPO 98.10 -162.8 -49.2 -55.8
PPO 93.91 -176.2 -84.6 -182.0

▶ Chebyshev policies yield higher average return (left) on
all environments
▶ CH-6-ARS and CH-5-PPO on Pendulum
▶ CH-3-ARS and CH-3-PPO on Aero 2

▶ Aero 2: Chebyshev policies better retain performance in
sim-to-real transfer
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Key takeaways and conclusion

▶ Solved continuous Mountain Car (1990) to optimality, analytically

▶ Chebyshev policies as novel class of RL policies, following first principles, drop-in
replacement for MLPs

▶ Outperform neural policies on all tasks and all RL algorithms tested, including
sim-to-real transfer and training stability

▶ Mountain Car: Regret reduced by 6.18×, number of model parameters by 277×
▶ Big limitation: (d + 1)n basis polynomials → for low-dimensional control tasks

Key open question

Why do SOTA algorithms with
MLPs fail to learn πana? We need to
understand the missing link.

Key missing piece

We need more analytical optimality
results for RL benchmarks. We have
to sharpen critique:

▶ What is the regret?

▶ How do learned policies differ
from optimal ones?

Key follow-up

Leverage Chebyshev policies for
high-dimensional control tasks.
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Thank you
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Crude sketch of three steps to optimal policy

Spatial-only dynamics via action field:

▶ Original ODE:
ẍ(t) = amax · α(t)− g · cos(3x(t))

▶ Within monotone move (stroke):
action field α̃(x) instead of α(t)

▶ Gives ẍ = −U′(x) with potential
U = Ua + Ug (action + gravity)
and well known −U(x) = 1

2
ẋ2

▶ “Unrolling” monotone strokes into
spatial variable ξ. Strokes
separated by roots ξi of U.

ξ

ξ0 ξ1 ξ2 ξ∗

Ug (ξ)

U(ξ)

Ua(ξ∗)

Ua(ξ)

ẋ > 0

1

ẋ < 0

2

ẋ > 0

3

Lemma
Let f , g ∈ L2([ξ0, ξ∗]). Then minf ∥f ∥
s.t. ⟨f , g⟩ = 1 is solved by f = g/∥g∥2.

To be minimized:

ℓ =

∫ t∗

0
α(t)2 dt =

∫ ξ∗

ξ0

α̃(ξ)2 ·
dt

dξ
dξ

=

∫ ξ∗

ξ0

(
α̃(ξ)

4
√

−2U(ξ)

)2

dξ = ∥f ∥2

While reaching the goal ξ∗:

▶ U(ξ∗) = 0 yields ⟨f , g⟩ = 1 with

g ∝ 4
√

−2U(ξ).

Solution
α(t) = C · ẋ(t) for C just sufficiently
large to reach ξ∗ within time t∗.

Verified by optimizer in discrete time.

Reestablish constraints:

▶ Spirals in phase space (x , ẋ)

▶ Hitting left wall xmin → ẋ reset
to zero → independent phase 2

x

ẋ

xmin

x∗x̂vwall

Phase 2

Phase 1

Optimal policy (simplified)

πana(x , ẋ) = ẋ ·
{
4.3858 in phase 2

4.3346 otherwise
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Chebyshev policies

How does πana perform?

πana achieves return R ∈ [99.15, 99.52] over all x0.

What did we learn?

1 πana is very simple!

2 Best agents yield only R ∈ [92.51, 97.41], hence
surprisingly high regret! 10-fold loss due to propulsion!

How can this be?

▶ Bad exploration? → no, by spiraling dynamics

▶ RL algorithm? → unlikely, tried them all

▶ MLP oversized? → no, tried smaller ones than [64, 64]

Open question

Why do MLPs fail to learn the simple πana?

First principles for a novel policy class

A class of policies that is universal, versatile and efficient
at sampling the space of continuous policies.

▶ Polynomials → versatile and span a dense subset

▶ Orthogonal basis → efficient and better numerics

Chebyshev polynomial Tk (x) = cos(k arccos x)

▶ Orthonormal in Hilbert space L2
w ([−1, 1]) with

w -weighted2inner product, and extremes at ±1.

▶ Multi-variate Tk1,...,kn (x1, . . . , xn) =
∏

i Tki (xi ) with
max-degree deg∗ Tk1,...,kn = maxi ki .

▶ Dense in Hilbert space due to Weierstrass, i.e., any

f ≈
∑d,...d

k1,...,kn=0,...,0 θk1,...,knTk1,...,kn with model

parameters θ for functions Rn → Rm.

We implemented it in auto-diff frameworks and use it to
model agents (stochastic policies (µ, σ), critic) in SB3.

2 w(x) = (1 − x2)−1/2, i.e., ⟨f , g⟩w =
∫ 1
−1 f (x)g(x)w(x) dx for f , g ∈ L2

w ([−1, 1]).
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Do Chebyshev policies improve upon neural policies?

Evaluation protocol on Mountain Car:

▶ 100 evenly spaced x0 ∈ [−0.6,−0.4], record 100
returns.

▶ SOTA agents from RL Baselines3 Zoo:
ARS, PPO, SAC with MLP policies

▶ Max-degree 3 Chebyshev policies:
CH-3-ARS, CH-3-REI (REINFORCE), CH-3-PPO

Table: Mean return R (regret r), mean time t∗ to goal and ∥π−πana∥2.

Policy π R ↑ (r ↓) min R – max R t∗ ↑ ∥.∥2 ↓

πana 99.39 99.15 – 99.52 769

CH-3-ARS 98.95 (0.44) 98.74 – 99.11 471 0.152
CH-3-REI 98.62 (0.77) 98.31 – 98.89 396 0.068
CH-3-PPO 98.10 (1.29) 97.61 – 98.42 469 0.087
ARS 96.67 (2.72) 92.51 – 97.42 239 0.211
SAC 94.61 (4.78) 89.70 – 95.77 106 0.317
PPO 93.91 (5.48) 90.86 – 95.23 298 0.273

▶ Every Chebyshev policy improved upon every MLP policies

▶ Best algorithm was ARS, where regret was reduced from 2.72 to 0.44, i.e., 6.18-fold. For PPO, improvement was from
5.48 to 1.29, i.e., 4.25-fold

▶ Classic REINFORCE with Chebyshev policies significantly outperforms best neural policy (ARS), while it would not
even converge with MLP policies

▶ Chebyshev policies π utilize larger t∗ (time to goal) and are closer to πana in terms of ∥π − πana∥2

Question

What is happening under the hood?
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